We revisit the MIC-harmonic oscillator in flat space with monopole interaction and derive the polynomial algebra satisfied by the integrals of motion and its energy spectrum using the ad hoc recurrence approach. We introduce a superintegrable monopole system in generalized Taub-NUT space. The Schrödinger equation of this model is solved in spherical coordinates in the framework of Stäckel transformation. It is shown that wave functions of the quantum system can be expressed in terms of the product of Laguerre and Jacobi polynomials. We construct ladder and shift operators based on the corresponding wave functions and obtain the recurrence formulas. By applying these recurrence relations, we construct higher order algebraically independent integrals of motion. We show the integrals form a polynomial algebra. We construct the structure functions of the polynomial algebra and obtain the degenerate energy spectra of the model.
Introduction
The connection between quantum models and magnetic monopoles, integrable and superintegrable systems is well-known. In this paper, we show that the same connection applies to the harmonic oscillator with Abelian monopole using the recurrence approach. To our knowledge the recurrence approach had not previously been applied to Hamiltonian systems with magnetic monopole interactions.
In classical and quantum mechanical systems, constructive approach is one of the powerful tools to derive integrals of motion. The first-and second-order ladder operators have been used by several authors to construct integrals of motion and their corresponding polynomial algebras [1, 2, 3, 4, 5] . There are many distinct approaches for the constructions of integrals of motion using higher order ladder operators (see e.g. [6, 7, 8, 9, 10, 11, 12, 13, 14] ). In fact, there is a close connection between recurrence approach and special functions and orthogonal polynomials [15] . The operator version of recurrence relations, their algebraic relations [16, 17] and connection to Lissajous models related to Jacobi exceptional orthogonal polynomials were investigated [18] . Recently the authors in the present paper applied coupling constant metamorphosis to systems amenable to the ladder operator method [19] . However most these previous studies have been restricted to systems with scalar potentials.
Superintegrable systems with non-scalar potentials such as spin [20, 21] , magnetic field and magnetic monopole [22, 23, 24, 25, 26] have recently attracted much interest. In [27] , a quantum superintegrable system in the field of Kaluza-Klein magnetic monopole was studied. We are interested superintegrable monopole system in space with Taub-NUT metric. The geodesic of the Taub-NUT metric appropriately describes the motion of well-separated monopole-monopole interactions ( see e.g. [28, 29, 30, 31, 32, 33] ). Recently we introduced a Kepler quantum monopole system in a generalized Taub-NUT space which includes the Kaluza-Klein and MIC-Zwanziger monopole systems as special cases [34] .
The purpose of the present paper is twofold: Firstly we revisit the MICharmonic oscillator in the field of magnetic monopole in flat space [25] by means of a somewhat ad hoc recurrence approach. We construct the integrals of motion and (polynomial) algebraic relations satisfied by them. This enables us to present an algebraic derivation of the energy spectrum of the system. Secondly we introduce a new MIC-harmonic oscillator type Hartmann system with monopole interaction in a generalized Taub-NUT space. We construct its integrals of motion using recurrence relations based on wave functions. We show the integrals satisfy a higher-order polynomial algebra and apply this algebraic structure to derive the energy spectrum.
MIC-harmonic oscillator with monopole in flat space
The problem of the accidental degeneracies in the spectrum of a harmonic oscillator in the field of magnetic monopole was investigated in [25, 35] . In this section we revisit this model using a somewhat ad hoc recurrence method.
Consider the Hamiltonian with monopole interaction
where
, and A 3 = 0 are the 3 components of the vector potential associated with the magnetic monopole; c 0 and Q are constants. This system is the well-known MIC-harmonic oscillator [35] . Setting Q 2 = λ and
= ω 2 , the Hamiltonian becomes the one in [25] . The total angular momentum of the system reads
The eigenvalues of L 2 are, as usual, of the form l(l + 1) with l = |Q|, |Q| + 1, |Q| + 2, . . . . Let 
The physical energy spectrum of H is found to be
Introduce [25] 
which is a well-defined operator [25] .
We now construct ladder operators
Then on the basis vectors |n, l, m ,
14)
Integrals of motion, algebra structure and unirreps
We now take the combinations
whose action on the basis vectors show the raising and lowering of quantum numbers while preserving energy E. We have
We can also obtain the action of the operators D 1 D 2 and D 2 D 1 on the basis vectors. Then together with (2.4), (2.5) and (2.6), we can conclude that on the operator level,
Thus D 1 , D 2 and B form a higher-order polynomial algebra with central elements H and L 3 . In order to derive the spectrum using the polynomial algebra, we realize this algebra in terms of deformed oscillator algebra [36, 37] 
Here ℵ is the number operator and Φ(x) is well behaved real function satisfying
We rewrite ((2.20)-(2.23)) in the form of deformed oscillator (2.24) by letting
We then obtain the structure function
where u is arbitrary constant. In order to obtain the (p + 1)-dimensional unirreps, we should impose the following constraints on the structure function
where p is a positive integer. These constraints give (p + 1)-dimensional unitary representations and their solution gives the energy E and the arbitrary constant u. We have the following possible constant u and energy spectra E, for the constraints ε 1 = ±1, ε 2 = ±1, ε 3 = ±1:
Making the identification p = n, l = m, ε 1 = 1, ε 2 = 1, ε 3 = 1, the energy spectra (2.28) and (2.30) coincide with the physical spectra (2.7). The physical wave functions involve other quantum numbers and we have in fact the degeneracy of p only when these other quantum numbers would be fixed.
MIC-harmonic oscillator with monopole in generalized Taub-NUT space
Let us consider the generalized Taub-NUT metric in R
2)
Here ψ is the additional angular variable which describes the relative phase and its coordinate is cyclic with period 4π [28, 38] . The functions f (r) and g(r) in the metric represent gravitational effects and A i are components of the potential associated with the magnetic monopole field.
We consider the Hamiltonian associated with (3.1)
where c 0 and c 4 are constants and the operators
satisfying the following commutation relations
The system with Hamiltonian (3.4) is a Hartmann system in a curved Taub-NUT space with abelian monopole interaction. This new system is referred to as MIC-harmonic oscillator monopole system. In this section, we solve the Schrödinger Stäckel equivalent of the system (3.4) in spherical coordinates, derive the recurrence relations and construct higher order integrals and the corresponding higher rank polynomial algebra.
Separation of variables
Let us consider the spherical coordinates x = r sin θ cos φ, y = r sin θ sin φ, z = r cos θ,
where r > 0, 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π. In terms of these coordinates, the Taub-NUT metric (3.1) takes on the form
8)
The Schrödinger equation of the model (3.4) is
φ, ψ) = EΨ(r, θ, φ, ψ).(3.10)
We can write Ψ(r, θ, φ, ψ) = χ(r, θ)e i(ν 1 φ+ν 2 ψ) . Then we obtain the equivalent system of (3.10) as ′ . This change in the role of the parameters is called coupling constant metamorphosis. Moreover, the model (3.11) is related to the one in (3.10) by Stäckel transformation and thus the two systems are Stäckel equivalent [39, 40] .
By making the Ansatz,
12) (3.11) becomes the radial and angular ordinary differential equations
where k 1 is separable constant.
We now turn to (3.14), which can be converted, by setting z = cos θ and
where 2a = ν 1 − 2ν 2 , 2b = ν 1 . Comparing (3.15) with the Jacobi differential equation
we obtain the separation constant 17) where l = λ + ν 1 . Hence the solutions of (3.15) are given in terms of the Jacobi polynomials as (3.18) where P (α,β) λ denotes a Jacobi polynomial [41] , F lν 1 (ν 1 , ν 2 ) is the normalized constant and l ∈ N.
The radial equation (3.13) can be converted, by setting z = εr
Then (3.19) can be identified with the Laguerre differential equation. Hence we can write the solution of (3.13) in terms of the confluent hypergeometric polynomial as
where F nl (ν 1 , ν 2 ) is the normalized constant. In order to have a discrete spectrum the parameter n needs to be positive integer. From (3.20)
and hence the energy spectrum of the system (3.4) is given by
Ladder operators and recurrence approach
The solutions of the eigenfunction for the equation
where L α n is the nth order Laguerre polynomial, P (β,γ) λ is the Jacobi polynomial [41] , n =
Let us now construct the ladder operators based on radial part of the separated solutions using differential identities for Laguerre functions [41] 
and the shift operators based on the angular functions using Jacobi function identities [41] 
as in section 2. The action of the operators on the corresponding wave functions provide the following recurrence formulas
32)
,(3.33)
Integrals of motion, algebra structure and spectrum
Let us now consider the suitable operators
The explicitly action of the operators D i , i = 1, 2 on the wave functions is given by
We can also obtain the action of the operators D 1 D 2 and D 2 D 1 on the wave functions. It follows in the operator from construction they form an algebraically independent set of differential operators and there has a common feature of superintegrable systems to close polynomially symmetry algebra. Direct computation shows that they form higher order polynomial algebra
We rewrite ((3.38)-(3.41)) in the form of deformed oscillator algebra (2.24)
We then obtain structure function
where u is an arbitrary constant to be determined. We should impose the following constraints on the structure function in order to obtain a finite dimensional unirreps, Making the identifications p = n, −ν 1 = l, ε 1 = 1, ε 2 = 1, then (3.46) coincides with the physical spectra (3.23).
Conclusion
One of the main results of this paper is the construction via recurrence method of the higher order integrals of motion and higher rank polynomial algebra for the MIC-harmonic oscillator systems with monopole interactions in both flat space and curved Taub-NUT space. The method is systematic and well constructed based on wave functions of the systems. To our knowledge this is the first application of the recurrence approach in superintegrable monopole systems.
Let us point out that superintegrable systems with monopole interactions and their polynomial algebras are largely unexplored area [42] . It is interesting to generalize the results to systems with non-abelian monopole interactions. Research in superintegrable system with Yang-Coulomb monopole is underway and results will be presented elsewhere.
